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Abstract  

In this paper, the issue of distribution of zeros of the solutions of linear differential equations (LDE) have been 

investigated in terms of semi - critical intervals. We shall follow a geometric approach to state and prove some properties 

of LDEs of the sixth order boundary conditions and with measurable coefficients. Moreover, the relations between semi - 

critical intervals of the LDEs have been explored. Also, the obtained results have been generalized for the 5^th order 

differential equations.  
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1 INTRODUCTION  

laws of distribution of zeros of solutions began to emerge in some studies,  

considering not only one differential equation and multi - point boundary value problems for the given equation, but 

more generally, multi - point boundary value problems for any given equation.  

 The question of the laws of distribution of zeros of solutions of a linear differential equation touches upon many 

studies on the theory and practice of differential equations.  

 Mikusinsky. [20] The following analogue of the Sturm theorem1 is obtained:  

If the solutions u (t) and v (t) of the equation 𝑥(𝑛)+ g (t) x = 0 satisfy the conditions  

𝑢(𝛼) = 𝑢′(𝛼) = ∙∙∙∙∙∙∙ = 𝑢(𝑛−2)(𝛼) = 0, 𝑢(𝑛−1)(𝛼) = 1, 𝑢(𝛽) = 0,  

 𝑣(𝛾) = 𝑣′(𝛾) = ∙∙∙∙∙∙∙ = 𝑣(𝑛−2)(𝛾) = 0, 𝑣(𝑛−1)(𝛾) = 1, 𝛼 < 𝛾 < 𝛽, then the solution v (t) does not have zeros in ( ,  ]. A. 

K. Kondratiev. [18], considering the same equation x(n) + g(t)x = 0 for values of n = 3 and n = 4 at constant coefficient 

g(t), proved the following theorem on alternation of zeros of solutions:  

1) if n = 3, then between two consecutive zeros of one solution there are at most two zeros of the other;  
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 1If t1,t2 are successive zeros of the solution x1(t) of the second-order equation with continuous coefficients  

 𝑥′′ + g0(t)𝑥′ + g1(𝑡)𝑥 = 0, then every other linearly independent solution x2(t) has exactly one zero between t1 and t2.  

2) if n = 4 and g (t) > 0, then between two consecutive zeros of one solution lies not more than four zeros of the 

other, where four zeros can lie;  

3) if n = 4 and g (t) <0, then between two successive zeros of one solution lie not more than three zeros of the other.  

 A.M. Akhundov. and A. T. Toraev. [11] found a generalization of the result of Kondratiev.for the equation 𝑥′′′ + 

𝑔1(𝑡)𝑥′ + 𝑔2(𝑡)𝑥 = 0, where 𝑔1(𝑡) < 0, 𝑔2(𝑡) is constant-sign.  

 U. Levin [19] showed that the theorem of A. K. Kondratiev is also valid for equations of the form  

𝑥′′′ + 𝑔1(𝑡)𝑥′′ + 𝑔2(𝑡)𝑥′ = 0, and 𝑥(𝐼𝑉) + (𝑔(𝑡)𝑥′)′ = 0.  

 After the publication of [12], where the laws of distribution of zeros of solutions for a LHDE of the third order of 

the general form for n = 3 in terms of semi - critical intervals established, a large number of papers have appeared [1-3, 

12, 15, 21]. They studied with one or other degrees of completeness of the problem of the distribution of zeros of solutions 

of equations of nth order at n  4 with summable coefficients besides the continuous ones.  

 The authors of [4-10, 16 and 17] investigated LDEs of the (fifth, sixth) order, they used the analytic approach to 

prove the properties of the distribution zeros of their solutions.  

 In this paper, we shall rather use the geometric approach to state and prove some properties of LDE of the sixth order 

with (2 points) boundary conditions.  

Main results in this study are;  

- If 𝑟42(𝛼) ≠ 𝑟51(𝛼) (𝑟15(𝛼) < 𝑟24(𝛼) ) then there is not (non-trivial) solution u(x) of equation (2.1) satisfying the 

boundary  

𝑢(𝑖)(𝑡1) = 𝑢(𝑡2) = 𝑢(𝑡3) = 0 (𝑢(𝑡1) = 𝑢(𝑡2) = 𝑢(𝑖)(𝑡3) = 0),  

𝑖 = 0,1,2,3, 𝛼 ≤ 𝑡1 < 𝑡2 < 𝑡3 = 𝑟411(𝛼).  

- Two linearly independent solutions 𝑢(𝑡),𝑣(𝑡) of equation (1) with a common 4 - multiple zero 𝑡1 have no more 

common zeros in [𝛼, 𝑟51(𝛼)) and  

[𝛼, 𝑟42(𝛼)) ([𝛼, 𝑟15(𝛼)). and [𝛼, 𝑟24(𝛼)) ) on the right (left) of 𝑡1.  

2 CONCEPTS AND TERMINOLOGY CONSIDER THE EQUATION  

  ,      (2.1)  



Assume that the coefficients 𝑔𝑘(𝑥) are measurable and continuous on [𝑎, 𝑏] satisfying the conditions  

 where 

is the number of points 𝑡𝑗, 𝑝𝑗 is the number of conditions at the points 𝑡𝑗.  
Problem (2.1) and (2.2) is called ≪ ( 𝑝1𝑝2 …𝑝𝑚 – problem ) ≫.  

Definition 2.1 [9]: For each fixed point 𝛼 ∈ [𝑎, 𝑏), there exists a nonzero interval [𝛼, 𝛽), in which any non - trivial 

solution of equation (2.1) has no more than 5 zero, taking into account their multiplicities. This interval is called the semi 

- oscillation for equation (2.1). The maximum intervals of semi - oscillation with a common origin in α is denoted by [𝛼, 

𝑟(𝛼)).  

Definition 2.2 [8]: The interval [𝛼, μ), in which the given problem has a unique solution, is called the semi - critical 

interval of this problem. The maximum intervals of semi - critical with a common origin in α is denoted by  

[𝛼, 𝑟𝑝1𝑝2….𝑝𝑘(𝛼)), k =2, 3, 4, 5.  

 The concept of the semi - critical interval is directly related to the distribution of zeros of the solution of equation 

(2.1).  

 We decipher the definitions of the maximal semi - critical intervals of some boundary value problems.  

 The interval [𝛼, 𝑟51(𝛼)) is called such an interval in which any non - trivial solution (for the equation (2.1)) that has 

a zero at 𝑡1 of multiplicity five and has no more zeros to the right of 𝑡1, where 𝛼 ≤ 𝑡1 < 𝑟51(𝑠) < 𝑡2.  

 In the interval [𝛼, 𝑟42(𝛼)), non - trivial solution (for the equation (2.1)) that has a zero at 𝑡1 of multiplicity four, can 

not have a double zero to the right of 𝑡1, where 𝛼 ≤ 𝑡1 < 𝑟42(𝛼) < 𝑡2.  

 A Non - trivial solution (for the equation (2.1)) that has a zero at 𝑡1of multiplicity three and zero 𝑡2 > 𝑡1 can not have 

a zero 𝑡3 > 𝑡2 of multiplicity higher than the second in the interval [𝛼, 𝑟312(𝛼)), where 𝛼 ≤ 𝑡1 < 𝑡2 < 𝑟312(𝛼) < 𝑡3.  

In the interval [𝛼, 𝑟111111(𝛼)) a nontrivial solution can not have six different simple zeros.  

Let us clarify justifications of listed assertions. On the example of the problem  

≪( 42 − problem )≫ to have a unique solution, It is necessary and sufficient that the determinant  

𝑢0(𝑡1) 𝑢1(𝑡1) 𝑢2(𝑡1) 𝑢3(𝑡1) 𝑢4(𝑡1) 𝑢5(𝑡1) 

𝑢′ 

|𝑢′′′′′0(((𝑡𝑡𝑡111)))𝑢𝑢𝑢1′′′1′′1′ (((𝑡𝑡𝑡111)))𝑢𝑢𝑢2′′′2′′2′ (((𝑡𝑡𝑡111)))𝑢𝑢𝑢3′′′3′′3′ (((𝑡𝑡𝑡111)))𝑢𝑢𝑢4′′′4′′4′ (((𝑡𝑡𝑡111))) 

𝑢𝑢𝑢55′′′′′5′ (((𝑡𝑡𝑡111)))| =△ (𝑡1, 𝑡2) ≠ 0,  

0 

𝑢0 

| 

𝑢0(𝑡2) 𝑢1(𝑡2) 𝑢2(𝑡2) 𝑢3(𝑡2) 𝑢4(𝑡2) 𝑢5(𝑡2) 

𝑢0′ (𝑡2) 𝑢1′ (𝑡2) 𝑢2′ (𝑡2) 𝑢3′ (𝑡2) 𝑢4′ (𝑡2) 𝑢5′ (𝑡2) where 𝑢𝑖(𝑡1), 𝑖 = 0, 1, 2, 3, 4, is the fundamental system of solutions 

of equa-tion (2.1), was different from zero. But ∆(𝑡1, 𝑥) is a solution of equation (2.1), and at the point 𝑡1 this solution has 

a four - multiple zero. Thus, the condition does not vanish (is not vanishing) at 𝑥 ∈ [𝑡1, 𝜔).  

The Function ∆(𝑡1, 𝑥) is a condition for the existence and uniqueness of the solution of problem (2.1), (2.2) for any 

𝑡2 ∈ [𝑡1, 𝜔).  

In a similar way, one can make sure of other cases.  

Consider the following auxiliary lemmas.  

Lemma 2.1 [6]: Let 𝑣1(𝑡), 𝑣2(𝑡) be a pair of not identically equal to zero, twice continuously differentiable functions 

such that  

𝑣1(𝑡) ≠ 𝑐𝑣2(𝑡), (c = 𝑐𝑜𝑛𝑠𝑡), 𝑣1(𝛼) = 𝑣1(𝛽) = 0, 𝑣2(𝑡) ≠ 0 𝑎𝑛𝑑 𝑣1(𝑡)𝑣2(𝑡) > 

0 𝑖𝑛 [𝛼, 𝛽].  

 Then there exists a linear combination  

𝑥(𝑡) = 𝑐1𝑣1(𝑡) + 𝑐2𝑣2(𝑡), (𝑐1
2 + 𝑐2

2 > 0),  

for which the point  is a zero of multiplicity two, that is  

   .  

Lemma 2.2 [6]: Let – be a pair of not identically equal to zero,  

thrice continuously differentiable functions such that,  

  
 Then, there exists a linear combination  

,  

for which the point  is a zero of multiplicity three, that is  

.  



Lemma 2.3 [7]: Non - trivial solutions  and  of equation (1) are  

linearly dependent if  

 2.  

Lemma 2.4 [7]: Let u ) – be a pair of non-trivial solutions of equation (1) such that  

. If  in ,  

then for any  and for some constant , the difference  van- 

ishes (goes to zero) at the points  , whose number is equal to , where  is the number of 

odd zeros of the solution v(x) in (  and  is the number of those  ( , that  

.  

  

3 MAIN RESULTS  

 In this section, according to the mentioned conditions in the definitions above, we will prove the following theorems  

  

Theorem 3.1:  

If , then there is not (non-trivial) solution u(x) of equation (2.1) satisfying the boundary  

) ,  

        (3.1)  

Proof:  

 Under the conditions of the theorem, let solution is exist that satisfies conditions (3.1).  

We set: . Assume that, the solution v(x) of equation (2.1) has two zeros ,β, such that  

  ; v(β) = 0.    (3.2)  

 It can be verified that .  

Then  

.  

And therefore, if , then to a non-trivial linear combination  

  
applies Lemma 2.1 it has double zero  

.  

If , then regarding c , since  

, solution has double zero at .  

  

But because of the conditions of (3.1), (3.2) the solution has another 4- multiple zero at point .  

And this contradicts the definition of the interval .  

let now . consider solution  of equation (2.1)  

such that  

      
 (3.3)  

If , then because of the conditions (3.1), (3.3) non-trivial linear combination  

  

in the interval  has zero at the point  and 5- multiple zero at point  Where  

  

, since ,  



this contradicts the definition of the interval .  

 If , then believing , by Lemma (2.1), there exists a point  such 

that .  

  

Hereby, by virtue of conditions (3,1),(3.3) the solution  has another 4 - multiple zero at point , contrary to 

the definition of the interval . The theorem is proved.  

  

Theorem 3.2:  

let , then there is not (non-trivial) solution u(x) of equation  

(2.1) satisfying the boundary  

) ,  

        (3.4)  

Proof:  
  

 let solution exists that satisfies conditions (3.4).  

We set :  

.  

By setting that, solution v(t) of equation (2.1), such that  

    (3.5)  

  

we can assume that .  

Then  

𝑢(𝑡) 𝑣(𝑡) > 0, 𝑡1 < 𝑡 < 𝑡2.  

 If 𝜎 < 𝑡1, then the difference  

𝑥(𝑡) = 𝑢(𝑡) − 𝑐 𝑣(𝑡)  
applies Lemma 2.1 the difference has double zero  

 𝜸 ∈ (𝑡1, 𝑡2) ⊂ [ 𝜶, 𝑟24(𝛼)).  

If  

𝜎 < 𝑡1 then regording c , since 𝑟15(𝛼) < 𝑟24(𝛼), solution 𝑥(𝑡) has double zero at 

𝜎 = 𝑡1.  

But because of the conditions of (3.4), (3.5) the solution 𝑥(𝑡) has 4- multiple zero at point 𝑡3.  

This can not verifies in the interval [𝛼, 𝑟24(𝛼)).  

let 𝑟114(𝛼) = 𝑟24(𝛼) < 𝑟15(𝛼). Suppose solution 𝑣(𝑡) of equation (2.1)  

which obeys  

  𝑣(𝜎) = 𝑣′(𝜎) = 𝑣(𝑡3) = 𝑣′(𝑡3) = 𝑣′′(𝑡3) = 𝑣′′′(𝑡3) = 0  (3.6)  

If 𝜎 = 𝑡1, then because of the conditions (3.4), (3.6), the difference  

𝑥(𝑡) = 𝑢(𝑡) − 𝑐 𝑣(𝑡)  
in the interval [𝛼, 𝑟51(𝛼)) has zero at the point 𝑡1 and 5- multiple zero at point 𝑡3 Where  

, since 𝑟24(𝛼) < 𝑟15(𝛼),  

this contradicts the definition of the interval [𝛼, 𝑟51(𝛼)).  

If 𝜎 < 𝑡1, then believing 𝑢(4)(𝑡3)𝑣(4)(𝑡3) < 0, by Lemma 2.1, there exists a point 𝛾 ∈ (𝑡1, 𝑡2) such that 𝑥(𝛾) = 𝑥′(𝛾) = 0.  

Hereby, by virtue of conditions (3.4),(3.6) the solution 𝑥(𝑡) has 4 - multiple zero at point 𝑡3,  

This can not happen inthe interval [𝛼, 𝑟24(𝛼)). The theorem is proved.  

Theorem 3.3.  

 Two linearly independent solutions 𝑢(𝑡), 𝑣(𝑡) of equation (2.1) with a common 4 - multiple zero 𝑡1 ∈ [𝛼, 𝜌(𝛼)) have 

no more common zeros in [𝛼, 𝑟51(𝛼)) and [𝛼, 𝑟42(𝛼)) ([𝛼, 𝑟42(𝛼)) and [𝛼, 𝑟42(𝛼)) ) on the right (left) of 𝑡1.  

Proof:  

Let the theorem be false and 𝑡0 common zero of 𝑢(𝑡) and 𝑣(𝑡) in the specified intervals, where 𝑡0 different from 𝑡1.  

If  

𝛼 ≤ 𝑡1 < 𝑡0 < 𝑟42(𝛼) ( 𝛼 ≤ 𝑡0 < 𝑡1 < 𝑟24(𝛼) )  



then the solution of the form  

  
has 4 - multiple zero 𝑡1 and double zero 𝑡0 > 𝑡1 (𝑡0 < 𝑡1) , which is impos- 

sible. where  

𝑡0, 𝑡1 ∈ [𝛼, 𝑟42(𝛼)) ( [𝛼, 𝑟42(𝛼) )  

If  

𝑡0 ∈ [𝛼, 𝑟51(𝛼)) ( [𝛼, 𝑟15(𝛼) ) and 𝑡0 > 𝑡1 (𝑡0 < 𝑡1),  

 then the solution  

𝑥(𝑡) = 𝑢(𝑡) − 𝒄 𝑣(𝑡)  
Where c = const would have 5 - multiple zero 𝑡1 and zero 𝑡0 > 𝑡1 (𝑡0 < 

𝑡1), 𝛼 ≤ 𝑡1 < 𝑡0 < 𝑟51(𝛼) ( 𝛼 ≤ 𝑡0 < 𝑡1 < 𝑟15(𝛼) ), which is impossible. The theorem is proved  

4 CONCLUSIONS  

This study is an investigation of the distribution of zeros of non - trivial solutions of a linear homogeneous differential 

equation of sixth order in terms of semi - critical intervals of boundary value problems. It also includes the description of 

the behavior trend of the estimated intervals of uniqueness of the solutions.  

Basically, we have obtained new results (Theorems 3.1, 3.2, 3.3,). Using these theorems, we have established the 

limiting relations between the lengths of semi - critical intervals of the uniqueness of solutions of two points boundary 

value problems with fixed points and the description of their estimated behavior.  
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